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013.02.0Abstract For the navigation algorithm of the strapdown inertial navigation system, by comparing
to the equations of the dual quaternion and quaternion, the superiority of the attitude algorithm
based on dual quaternion over the ones based on rotation vector in accuracy is analyzed in the case
of the rotation of navigation frame. By comparing the update algorithm of the gravitational velocity
in dual quaternion solution with the compensation algorithm of the harmful acceleration in tradi-
tional velocity solution, the accuracy advantage of the gravitational velocity based on dual quater-
nion is addressed. In view of the idea of the attitude and velocity algorithm based on dual quaternion,
an improved navigation algorithm is proposed, which is as much as the rotation vector algorithm in
computational complexity. According to this method, the attitude quaternion does not require com-
pensating as the navigation frame rotates. In order to verify the correctness of the theoretical anal-
ysis, simulations are carried out utilizing the software, and the simulation results show that the
accuracy of the improved algorithm is approximately equal to the dual quaternion algorithm.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
Since the emergence of the strapdown inertial navigation
system (SINS) concept in the late 1950s, over half a century
has seen the great strides in development of the SINS theory
and applications. Savage1,2 indicated the maturity of the
traditional navigation solution of the SINS.3 In 2006, Savage4
described a uniﬁed mathematical framework for the traditional1 86402350 3103.
ail.com (Z. Wang), pure550@
hoo.com.cn (Q. Zeng).
ang University.
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22strapdown navigation algorithm design. In the traditional
algorithm, the gyro outputs are used to maintain a digital ref-
erence frame, into which the speciﬁc force measurements from
accelerometer triads are resolved and then double integrated to
acquire velocity and position.5–7 The rotation and translation
motions of the vehicle are described separately. Quaternion
and vector are chosen to represent rotation and translation,
respectively.8–11
Dual quaternion is the most concise and efﬁcient mathe-
matical tool to represent rotation and translation simulta-
neously.12–15 In 1992, the dual quaternion was ﬁrst introduced
to the solution of the strapdown inertial navigation.16 Wu
et al.12 represents the principle of the strapdown inertial naviga-
tion in terms of the dual quaternion, and it is concluded that the
dual quaternion algorithm is superior to the traditional naviga-
tion algorithm in the velocity accuracy, which speciﬁcally refers
to the thrust velocity. The performance of the attitude and
gravitational velocity solution based on the dual quaternionSAA & BUAA. Open access under CC BY-NC-ND license.
Comparison of strapdown inertial navigation algorithm based on rotation vector and dual quaternion 443algorithm is not analyzed. Although the solution precision of
the dual quaternion algorithm is higher than any conventional
algorithm, the computational complexity of the dual quater-
nion algorithm is very huge due to the calculation of the dual
vector and dual quaternion.
In this paper, it is proved that there is the superiority of the
attitude and gravitational velocity algorithm based on dual
quaternion compared with that based on rotation vector in
accuracy. An improved navigation algorithm is proposed to re-
solve the conﬂict between the navigation accuracy and the
computational complexity.2. Comparison of navigation algorithms
2.1. Comparison of attitude algorithms
For the attitude algorithm based on the rotation vector,
suppose that b(k) and n(k) denote the body frame and the
navigation frame at time tk, and b(k+ 1) and n(k+ 1)
characterize the body frame and the navigation frame at time
tk+1, respectively. Let a unit quaternion qb(h) represent the
transformation from the frame b(k) to b(k+ 1), Qnb(tk) the
transformation from the frame n(k) to the frame b(k),
Qnb(tk+1) the transformation from the frame n(k+ 1) to
the frame b(k+ 1), and p(h) the transformation from the
frame n(k) to the frame n(k+ 1), where h= tk+1  tk.
According to the characteristics of the quaternion, the follow-
ing equation can be obtained:
rnðkþ1Þ ¼ Qnbðtkþ1Þ  rbðkþ1Þ Qnbðtkþ1Þ ð1Þ
where r denotes the vector and the superscript expresses the
projection in the corresponding frame, the superscript ‘‘*’’
denotes the conjugate, and the symbol ‘‘’’ denotes the quater-
nion multiplication.
Eq. (1) is equivalent to the following equation:
rnðkþ1Þ ¼ ðpðhÞ QnbðtkÞ  qbðhÞÞ  rbðkþ1Þ  ðpðhÞ
QnbðtkÞ  qbðhÞÞ ð2Þ
Comparing Eq. (1) with Eq. (2), it can be obtained that
Qnbðtkþ1Þ ¼ pðhÞ QnbðtkÞ  qbðhÞ ð3Þ
In attitude update cycle, the change of the navigation frame
is very slow, namely p(h)  [1 0 0 0], so Eq. (3) can be simpli-
ﬁed as
Qnbðtkþ1Þ  QnbðtkÞ  qbðhÞ ð4Þ
where qb(h) = cos(r/2) + (r/r)sin(r/2), r denotes the equiva-
lent rotation vector, and r= |r|. For tk 6 t 6 tk + 1, Eq. (4)
can be described as
QnbðtÞ ¼ QnbðtkÞ  qbðt tkÞ ð5Þ
According to the quaternion differential equation and the
time derivative of Eq. (5), the following equation can be
obtained:
_qb ¼ 1
2
qb  xbnb ð6Þ
The differential equation of the rotation vector can be
acquired by Eq. (6), namely Bortz equation17,18:_r ¼ xbnb þ
1
2
r xbnb þ
1
r2
1 r sin r
2ð1 cos rÞ
 
r ðr xbnbÞ ð7Þ
The quaternion qb can be updated by Eq. (7) so as to update
the attitude quaternion Qnb according to Eq. (4). Owing to the
approximation of Eq. (4), the attitude algorithm based on the
rotation vector presents errors inevitably, and the attitude qua-
ternion has to compensate the errors caused by the rotation of
navigation frame after several attitude update cycles. However,
the errors will be magniﬁed when the vehicle moves at high
speed, and the effect of the error compensation would decrease
signiﬁcantly.
The principle of the strapdown inertial navigation utilizing
the dual quaternion is expressed by three continuous kinematic
equations, namely the thrust velocity equation, the gravita-
tional velocity equation and the position equation, where the
determination of the vehicle attitude is derived from the thrust
velocity kinematic equation.
Suppose that T(k) and i(k) denote the thrust frame and the
inertial frame at time tk, T(k+ 1) and i(k+ 1) characterize
the thrust frame and the inertial frame at time tk+1, respec-
tively. Let a unit dual quaternion q
_
TðhÞ represent the transfor-
mation from the frame T(k) to T(k+ 1), Q
_
iTðtkÞ the
transformation from the frame i(k) to the frame T(k),
Q
_
iTðtkþ1Þ the transformation from the frame i(k+ 1) to the
frame T(k+ 1), and p
_ðhÞ the transformation from the frame
i(k) to the frame i(k+ 1), where h= tk+1  tk. According to
the characteristics of the dual quaternion, the following equa-
tion can be obtained:
r
_iðkþ1Þ ¼ Q
_
iTðtkþ1Þ  r_Tðkþ1Þ Q
_
iTðtkþ1Þ ð8Þ
where r
_
denotes the dual vector and the superscript expresses
the projection in the corresponding frame.
As the inertial frame is stationary, namely i(k) = i(k+ 1),
the following equation can be obtained:
r
_iðkþ1Þ ¼ r_iðkÞ ¼ Q
_
iTðtkÞ  r_TðkÞ Q
_
iTðtkÞ
¼ Q
_
iTðtkÞ  ðq_TðhÞ  r_Tðkþ1Þ  q_TðhÞÞ Q
_
iTðtkÞ ð9Þ
Comparing Eq. (8) with Eq. (9), it can be obtained that
Q
_
iTðtkþ1Þ ¼ Q
_
iTðtkÞ  q_TðhÞ ð10Þ
Suppose that q
_
TðhÞ ¼ cosðr_=2Þ þ ðr_= r_Þ sinðr_=2Þ, where r_
represents the screw vector lying on the screw axis of the mag-
nitude r
_ ¼ ðr_  r_ Þ1=2. For tk 6 t 6 tk+1, it can be described by
the following equation according to Eq. (10):
Q
_
iTðtÞ ¼ Q
_
iTðtkÞ  q_Tðt tkÞ ð11Þ
After derivation calculus to the above equation, the follow-
ing equation can be obtained:
dQ
_
iTðtÞ
dt
¼ Q
_
iTðtkÞ  dq
_
Tðt tkÞ
dt
ð12Þ
Putting Eq. (11) into the dual quaternion differential equa-
tion dQ
_
iTðtÞ=dt ¼ ðQ
_
iTðtÞ  x_TiTÞ=2, the following equation can
be obtained:
dQ
_
iTðtÞ
dt
¼ 1
2
Q
_
iTðtkÞ  q_Tðt tkÞ  x_TiT ð13Þ
444 Z. Wang et al.Comparing Eq. (12) with Eq. (13), it can be acquired that
Q
_
iTðtkÞ  dq
_
Tðt tkÞ
dt
¼ 1
2
Q
_
iTðtkÞ  q_Tðt tkÞ  x_TiT ð14Þ
Eq. (14) can be further simpliﬁed as
_
qT ¼ 1
2
q
_
T  x_TiT ð15Þ
According to the principle of transference by Shen et al.19,
the characteristics of the quaternion are completely inherited
by the dual quaternion. Using the same method in deriving
the differential equation of the rotation vector, the differential
equation of the screw vector can be written as
_
r ¼ x_TiT þ
1
2
r
_x_TiT
þ 1
r
_
2
1 r
_
sin r
_
2ð1 cos r_Þ
" #
r
_ðr_x_TiTÞ ð16Þ
Comparing Eq. (10) with Eqs. (4) and (10) is the exact
expression as the inertial frame is stationary. When the vehicle
moves at a high speed, the update of the dual quaternion Q
_
iT
does not have errors according to Eq. (10), so the accuracy
of the attitude algorithm based on dual quaternion is higher
than that based on rotation vector.
2.2. Comparison of velocity algorithms
The traditional velocity algorithm is described as the following
equation:
Vnm ¼ Vnm1 þ Cnðm1Þbðm1Þ
Z tm
tm1
C
bðm1Þ
bðtÞ f
bdtþ
Z tm
tm1
½gn
 ð2xnie þ xnenÞ  Vndt ð17Þ
where Vnm and V
n
m1 denote the vehicle velocity at time tm and
tm–1 respectively, C
nðm1Þ
bðm1Þ represents the attitude matrix at time
tm1, f
b the speciﬁc force, gn the gravitational acceleration, xnie
the rotational angular velocity of the Earth, and xnen the angu-
lar rate of the navigation frame rotation relative to the Earth
frame.
In Eq. (17),
R tm
tm1
C
bðm1Þ
bðtÞ f
bdt corresponds to the update of
the thrust velocity in dual quaternion algorithm, and Wu
et al.12 has proved the superiority of the thrust velocity algo-
rithm compared with the traditional velocity algorithm. The
vehicle velocity relative to the Earth frame is directly deter-
mined in the navigation frame for the traditional velocity algo-
rithm, so what need to be compensated are not only the
acceleration of gravity gn but also the harmful acceleration
ð2xnie þ xnenÞ  Vn. For the dual quaternion algorithm, the
determination of the gravitational velocity is in the gravita-
tional velocity frame which is aligned with the Earth frame,
and the gravitational velocity is relative to the inertial frame.
The update of the gravitational velocity can be described as
DVG ¼ r0 sin r
r
þ ðr
0  rÞr
r2
1 sinr
r
 
þ 2r
 r0 sinðr=2Þ
r
 2
ð18Þ
where r0 = G · Dt, r ¼ xeie  Dt, Dt is the update cycle of the
velocity, G is the gravitational acceleration and it can be deter-
mined by the following equation:G ¼ Cengn þ xie  ðxie  RÞ ð19Þ
where Cen represents the direction cosine matrix from the nav-
igation frame to the Earth frame, and R the position vector of
the vehicle. By Eqs. (18), (19), it can be obtained that the up-
date of the gravitational velocity only depends on the vehicle
position of the previous time, namely longitude, latitude and
height. For the traditional velocity algorithm,
R tm
tm1
½gn
ð2xnie þ xnenÞ  Vndt in Eq. (17) depends on not only the previ-
ous time position but also the previous time velocity. As the
rate of velocity change is far greater than the rate of position
change, the gravitational velocity algorithm is superior to the
integration algorithm of harmful acceleration in the traditional
velocity solution.3. Improved navigation algorithm
Suppose that b(k) and i(k) denote the body frame and the iner-
tial frame at time tk, b(k+ 1) and i(k+ 1) characterize the
body frame and the inertial frame at time tk+1, respectively.
Let a unit quaternion qb(h) represent the transformation from
the frame b(k) to the frame b(k+ 1), Qib(tk) the transforma-
tion from the frame i(k) to the frame b(k), Qib(tk+1) the trans-
formation from the frame i(k+ 1) to the frame b(k+ 1), and
p(h) the transformation from the frame i(k) to the frame
i(k+ 1), where h= tk+1  tk. According to the characteristics
of the quaternion, the following equation can be obtained:
riðkþ1Þ ¼ Qibðtkþ1Þ  rbðkþ1Þ Qibðtkþ1Þ ð20Þ
where r denotes the vector and the superscript expresses the
projection in the corresponding frame.
Eq. (20) is equivalent to the following equation:
riðkþ1Þ ¼ ðpðhÞ QibðtkÞ  qbðhÞÞ  rbðkþ1Þ  ðpðhÞ
QibðtkÞ  qbðhÞÞ ð21Þ
Comparing Eq. (20) with Eq. (21), it can be obtained that
Qibðtkþ1Þ ¼ pðhÞ QibðtkÞ  qbðhÞ ð22Þ
As the inertial frame is stationary, namely p(h) = [1 0 0 0],
the following equations can be obtained:
Qibðtkþ1Þ ¼ QibðtkÞ  qbðhÞ ð23Þ
Suppose that qb(h) = cos(r/2) + (r/r)sin(r/2), where r de-
notes the equivalent rotation vector, and r= |r|. For
tk 6 t 6 tk+1, Eq. (23) can be described as follows:
QibðtÞ ¼ QibðtkÞ  qbðt tkÞ ð24Þ
After derivation calculus to above equation, the following
equation can be obtained:
dQibðtÞ
dt
¼ QibðtkÞ 
dqbðt tkÞ
dt
ð25Þ
Substituting Eq. (24) into the quaternion differential equa-
tion dQibðtÞ=dt ¼ ðQibðtÞ  xbibÞ=2, the following equation can
be obtained:
dQibðtÞ
dt
¼ 1
2
QibðtkÞ  qbðt tkÞ  xbib ð26Þ
Comparing Eq. (25) with Eq. (26), it can be obtained that:
QibðtkÞ 
dqbðt tkÞ
dt
¼ 1
2
QibðtkÞ  qbðt tkÞ  xbib ð27Þ
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_qb ¼ 1
2
qb  xbib ð28Þ
Using the same method in deriving the differential equation
of the rotation vector, it can be written as the following
equation:
_r ¼ xbib þ
1
2
r xbib þ
1
r2
1 r sin r
2ð1 cos rÞ
 
r ðr xbibÞ ð29Þ
According to Eqs. (23) and (29), the quaternion Qib can be
updated. As the attitude determination is usually in geographic
frame, it needs to acquire the quaternion Qgb, where Qgb ex-
presses the transformation from the geographic frame to the
body frame. According to the characteristics of the quaternion,
the following equation can be obtained:
Qib ¼ Qie Qeg Qgb ð30Þ
where Qie indicates the transformation from the inertial frame
to the Earth frame, Qeg the transformation from the Earth
frame to the geographic frame.
According to the multiplicative characteristics of the quater-
nion, Eq. (30) can be transformed into the following expression:
Qgb ¼ Qeg Qie Qib ð31Þ
Suppose that the Earth frame coincides with the inertial frame
at the initial time, the quaternion Qie can be obtained as
follows:
Qie ¼
cosðxietÞ
0
0
sinðxietÞ
2
6664
3
7775 ð32Þ
where xie = |xie|, and t is the navigation time.
The geographic frame is deﬁned with x directing to the east,
y directing to the north and z directing upward vertical.
According to the relation between the Earth frame and the
geographic frame, the quaternion Qeg can be described as
Qeg ¼
1
2
ðcos k
2
 sin k
2
Þðcos u
2
þ sin u
2
Þ
ðcos k
2
 sin k
2
Þðcos u
2
 sin u
2
Þ
ðcos k
2
þ sin k
2
Þðcos u
2
 sin u
2
Þ
ðcos k
2
þ sin k
2
Þðcos u
2
þ sin u
2
Þ
2
6664
3
7775 ð33Þ
where k and u denote the longitude and latitude, respectively.
Taking Eqs. (32) and (33) into Eq. (31), the attitude quater-
nion Qgb can be acquired so as to determine the vehicle atti-
tude. Compared with the traditional attitude algorithm, the
improved attitude algorithm does not require compensating
the errors caused by the rotation of navigation frame when
the vehicle moves.
As stated above, the velocity algorithm based on dual qua-
ternion is superior in the accuracy and the determination of
gravitational velocity is described as follows:
ViGðtþ DtÞ ¼ ViGðtÞ þQieðtÞ  DVG QieðtÞ ð34Þ
where DVG is described as Eq. (18), and Qie(t) is stated as Eq. (32).
The thrust velocity is determined by the following equations:
ViTðtþDtÞ¼ViTðtÞþQibðtÞDVTQibðtÞ ð35Þ
DVT¼r0 sinr
r
þðr
0 rÞr
r2
1sinr
r
 
þ2rr0 sinðr=2Þ
r
 2
ð36Þwhere r
_ ¼ rþ er0 and r_ is the integration of the thrust veloc-
ity twist, namely r ¼ R tþDt
t
xbibdt and r
0 ¼ R tþDt
t
f bdt. Qib(t) is
obtained by Eq. (23).
The velocity calculation based on dual quaternion is rela-
tive to inertial frame and projected into it. However, the veloc-
ity of vehicle is usually expressed in the geographic frame,
which is relative to the Earth frame. It can be transformed in
the following equation:
Vge ¼ CgeðCeiVii þ R xieÞ ð37Þ
where Cge is the direction cosine matrix from the Earth frame to
the geographic frame, Cei the transformation from the inertial
frame to the Earth frame, and Vii ¼ ViG þ ViT.
For the position determination of vehicle, it can be updated
in view of the idea of the improved attitude algorithm, namely
updating Qig by x
g
ig, accordingly getting Qeg.
As mentioned above, the vehicle velocity relative to inertial
frame can be obtained. Suppose that the local geographic
frame is employed as the navigation frame, then the angular
velocity of the geographic frame relative to the inertial frame,
namely xig, can be obtained by the following equation:
x
g
ig ¼
 V
g
igy
rmþH
V
g
igx
rnþH
V
g
igx
tanu
rnþH
2
66664
3
77775 ð38Þ
where Vgig ¼ CgeCeiVii, rm denotes the curvature radius of the
meridian, rn the curvature radius of the prime vertical, and
H the height of the vehicle.
Suppose that g(k) and i(k) denote the geographic frame and
the inertial frame at time tk, and g(k+ 1) and i(k+ 1) charac-
terize the geographic frame and the inertial frame at time tk+1
respectively. Let a unit quaternion qg(h) the transformation
from the frame g(k) to g(k+ 1), Qig(tk) the transformation
from the frame i(k) to the frame g(k), Qig(tk + 1) the transfor-
mation from the frame i(k+ 1) to the frame g(k+ 1), and p(h)
the transformation from the frame i(k) to the frame i(k+ 1),
where h= tk+1tk. As the inertial frame is stationary, namely
p(h) = [1 0 0 0], so the following equation can be obtained:
Qigðtkþ1Þ ¼ QigðtkÞ  qgðhÞ ð39Þ
Suppose qg(h) = cos(r/2) + (r/r)sin(r/2), where r denotes
the equivalent rotation vector, and r= |r|. Imitating the der-
ivation of the improved attitude algorithm, the following equa-
tion can be obtained:
_qg ¼ 1
2
qg  xgig ð40Þ
According to Eqs. (39), (40), the quaternion Qig can be up-
dated. As the position determination is in the geographic
frame, it needs to acquire the quaternion Qeg. According to
the characteristics of the quaternion, the following equation
can be obtained:
Qeg ¼ Qie Qig ð41Þ
where Qie can be obtained by Eq. (32). According to Eq. (41),
the direction cosine matrix Cge can be obtained so as to deter-
mine the position of the vehicle.
The block diagram of the improved navigation algorithm is
shown in Fig. 1. The improved navigation algorithm is based
446 Z. Wang et al.on the quaternion, the structure of which is similar to the tra-
ditional navigation algorithm as shown in Fig. 1. Therefore,
the computational complexity based on the improved algo-
rithm is as much as that based on the traditional algorithm.
However, for the navigation algorithm based on the dual
quaternion, it needs to calculate the dual vector and dual
quaternion, which is more than twice in the computational
complexity compared with the improved navigation algorithm.
Especially, the position determination in dual quaternion algo-
rithm needs the iterative calculation20, so the computation of
the improved algorithm is much less than that based on the
dual quaternion in the computational complexity.
Comparing Eq. (23) with Eqs. (4) and (23) is the exact
expression as the inertial frame is stationary, and the attitude
solution in the improved navigation algorithm cannot be af-
fected by the rotation of the navigation frame when the vehicle
moves at a high speed so as to bring the attitude superiority of
the improved algorithm in accuracy. As stated above, the
velocity calculation based on the improved algorithm is in
the body frame and Earth frame respectively, where the grav-
itational velocity only depends on the vehicle position of the
previous time, rather than that based on the traditional algo-
rithm which depends not only on the previous time position
but also on the previous time velocity. So when the velocity
of the vehicle changes dramatically, the velocity calculation
based on the improved navigation algorithm is superior over
that based on the traditional navigation algorithm in accuracy.
To sum up, the improved navigation algorithm has higher pre-
cision when the vehicle moves at a high speed.
4. Navigation algorithm simulations
In order to verify the correctness of algorithm analysis, simu-
lations are carried out utilizing the software. In the simula-
tions, the following scenario is assumed. At the very start,
the vehicle locates on the surface of the Earth at longitude
126.6287 and latitude 45.7328. The attitude angles of theFig. 1 Block diagram of imprvehicle are all 0, the east velocity is 100 m/s, and the north
and vertical velocity are 0 m/s. The geographic frame is
adopted as the navigation frame, which is deﬁned with x
directing to the east, y directing to the north and z directing
upward vertical.
In the simulations, an ideal trace generator is built for test-
ing the navigation algorithm. In order to verify performances of
each navigation algorithm, the vehicle trajectory is simulated in
hostile condition, namely the vehicle moves at high speed which
leads to the rapid rotation of the navigation frame, and the
three attitude angles of the vehicle oscillate simultaneously in
a wide range, which bring the coning error into the navigation
algorithm tremendously. The speciﬁc simulation conditions are
as follows: the angular velocity of the yaw and pitch is
0.2psin(0.2pt+ 0.5p) rad/s and the angular velocity of the roll
is 0.02psin(0.2pt+ 0.5p) rad/s. The east acceleration of the
vehicle is 100sin(0.2pt) m/s2, and the north and vertical acceler-
ation are all 0 m/s2. The frequency of the navigation solution is
50 Hz and the simulation time is 8 h. In order to examine the
performance of the navigation algorithm, all of the inertial sen-
sors are assumed under ideal conditions. The navigation algo-
rithms are described as follows and the simulation results are
shown in Figs. 2–9. Due to the limited space, the attitude and
velocity results are presented only.
Simulation 1: The navigation algorithm adopts the tradi-
tional rotation vector and the compensation cycle of the nav-
igation frame is 0.02 s. The results of Simulation 1 are
shown in Figs. 2 and 3.
Simulation 2: The improved attitude algorithm is employed,
and the velocity and position solutions exploit the traditional
algorithm. Figs. 4 and 5 show the results of Simulation 2.
Simulation 3: The navigation solution adopts the improved
navigation algorithm and the results are shown in Figs. 6 and 7.
Simulation 4: The navigation algorithm based on dual qua-
ternion is utilized and Figs. 8 and 9 show the results.
Comparing Fig. 2 with Fig. 4, due to the approximation of
Eq. (4), the traditional attitude algorithm presents errorsoved navigation algorithm.
Fig. 2 Curves of attitude error (Simulation 1).
Fig. 3 Curves of velocity error (Simulation 1).
Fig. 5 Curves of velocity error (Simulation 2).
Fig. 4 Curves of attitude error (Simulation 2).
Fig. 6 Curves of attitude error (Simulation 3).
Fig. 7 Curves of velocity error (Simulation 3).
Comparison of strapdown inertial navigation algorithm based on rotation vector and dual quaternion 447inevitably. Although the attitude errors caused by the rotation
of the navigation frame are compensated at very high frequency
in the traditional navigation algorithm, the accuracy of the atti-
tude solution is far less than the improved attitude algorithm,
so as to verify the attitude superiority of the improved algo-
rithm when the vehicle moves at high speed. Compared the re-
sults of Simulation 2 and Simulation 3 which adopt the same
attitude algorithm, the navigation precision of Simulation 3 is
much better than Simulation 2 as the velocity superiority ofthe improved algorithm, which veriﬁes the correctness of the
velocity algorithm analysis. From Figs. 6–9, it can be obtained
that the navigation solutions based on the improved algorithm
and dual quaternion algorithm have the same accuracy which is
in the same order of magnitude. However, the computational
complexity based on the improved algorithm is as much as that
based on the traditional algorithm, which is much less than that
based on dual quaternion. As the navigation system is demand-
ing on the real-time performance, the navigation algorithm
Fig. 8 Curves of attitude error (Simulation 4).
Fig. 9 Curves of velocity error (Simulation 4).
448 Z. Wang et al.based on the dual quaternion greatly increases the burden on
the computer. So the improved navigation algorithm is optimal
in the comprehensive properties of the navigation accuracy and
computational complexity.
5. Conclusions
The accuracy advantage of the navigation algorithm based on
dual quaternion is analyzed and the analytic comparisons indi-
cate that not only the thrust velocity solution but also the atti-
tude and gravitational velocity solution are superior over the
traditional navigation algorithm in accuracy. Based on the
idea of the dual quaternion algorithm, an improved navigation
algorithm is proposed, which is the same as the dual quater-
nion navigation algorithm in accuracy while as much as the
traditional navigation algorithm in computational complexity.
A variety of simulations have been carried out to support the
analytic conclusions and the numerical results agree well with
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